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has been established by X-ray diffraction methods in
conjunction with chemical analyses and without
recourse to MAS NMR methods.

If one could synthesize an SiO, modification with
the structure of SAPO-31 (instead of just doping
AlIPO,-31 with silicon) there would be no reason for
it to crystallize in the same space group as AIPO,-31
and SAPO-31, namely in R3 since there is no need to
distinguish between Al and P. Thus, the symmetry of
the compound could be higher and the space group
could be R3m, a supergroup of R3. We simulated its
crystal structure by distance least squares (using
RERIET, Kassner, 1993) assuming an Si—O dis-
tance of 1.60 A. In this higher symmetry all O atoms
would be located on special positions (site symmetry
either 2 or m), but none of the Si—O—Si angles
would of necessity be straight, thus the simulated
structure given here (Table 2) is a likely candidate for
a SiO, modification with the same topology as
AlIPO,-31.

Concluding remarks

While the single-crystal structure refinement of
SAPO-31 is much more precise than the synchrotron
X-ray powder diffraction study of Bennett &
Kirchner (1992), it still did not prove possible to
locate precisely the template molecules in the pores
of SAPO-31, because they are highly disordered. The
higher precision makes it possible, however, to find
that the Si atoms replace partly the P atoms and not
the Al atoms in this microporous molecular sieve.
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Abstract

The structure of the icosahedral quasicrystal
Als;Li;;Cuy; has been refined within the superspace
formalism using symmetry-adapted surface harmon-
ics for the description of the boundaries of atomic
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surfaces (occupation domains) in internal space. The
refinement process has been performed with a gen-
eral program, QUASI, recently developed for this
purpose. Besides published neutron and X-ray dif-
fraction data [de Boissieu, Janot. Dubois. Audier &
Dubost (1991). J. Phys. Condens. Matter. 3. 1-25].
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experimental density and chemical composition were
used as control parameters of the fitting. The atomic
surfaces were assumed to be parallel to the internal
space. No additional a priori assumption was intro-
duced, except the limitation on the number of har-
monics for describing the contours of the atomic
surfaces. The refinement significantly improved pre-
vious analyses: starting with a sphere model of the
atomic surfaces based on the results of de Boissieu es
al., the fit attained Rz (WRy) values of 0.067 (0.072)
and 0.068 (0.068) for X-ray reflections and neutron
data, respectively. The final model also rather satis-
factorily explains the alternative X-ray data set of
Van Smaalen, de Boer and Shen [Phys. Rev. B
(1991), 43, 929-937], not included as data in the
fitting process. Two and three harmonics are enough
to describe the vertex and edge Al/Cu surfaces,
respectively, and their shapes approximately coincide
with those suggested by de Boissieu er al. However,
some significant different chemical ordering of the
two surfaces can be ascertained. On the other hand,
the lithium surface is quite complex and its descrip-
tion requires, at least, four harmonics. Given the
scarce number of data, this surface cannot be
determined with much accuracy. The presence of
nonphysical short interatomic distances in the final
structural model is analysed quantitatively.

1. Introduction

Methods for the determination of the structure of
quasicrystals (QC) have been greatly improved with
the introduction of superspace formalism (Bak, 1985;
Janssen, 1986, 1988). Under this approach, structural
quantitative analyses of diffraction data have been
performed for icosahedral QC (Cahn, Gratias &
Mozer, 1988a,b; Janot, de Boissieu, Dubois &
Pannetier, 1989; de Boissieu, Janot & Dubois, 1990;
Van Smaalen, 1989; Cornier-Quiquandon, Gratias &
Katz, 1991) and decagonal QC (Steurer & Kuo,
1990; Yamamoto, Kato, Shibuya & Takeuchi, 1990;
Steurer, 1991). In the case of icosahedral QC, single-
crystal diffraction data sets have been obtained for
Als;Li;,Cu,; (de Boissieu, Janot, Dubois, Audier &
Dubost, 1991; Elswijk, de Hosson, Van Smaalen &
de Boer, 1988; Van Smaalen, de Boer & Shen, 1991),
Alg,Cu,sFe, (Cornier-Quiquandon er al., 1991) and
AlgPd,,Mng (Boudard er al., 1992). The structural
models resulting from the analysis of these data have
not attained accuracies comparable to those common
in ordinary structural crystallography. Typically,
spherical (shell) models for a few symmetry-
independent atomic ‘occupation domains’ or ‘atomic
surfaces’ (AS) (describing the atomic positions in the
superspace formalism) are enough to obtain R fac-
tors of the order 0.1-0.2 (Cahn, Gratias & Mozer,
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1988a; Boudard et al., 1992). However, further quan-
titative improvement of the model is rather difficult.
The case of icosahedral AILiCu is a clear example of
this problem: up to now, three different quantitative
models have been proposed. Van Smaalen, de Boer
& Shen (1991) could fit, using a decorated three-
dimensional Penrose tiling, 37 strong reflections
down to wRp: values of the order 0.05, but 60
additional weaker reflections remained unexplained.
de Boissieu, Janot, Dubois, Audier & Dubost (1991)
obtained new single-crystal neutron and X-ray dif-
fraction data. Using isotopic substitution, they
developed a tentative model, which could be refined
down to R (WRf) values of 0.089 (0.090) and 0.078
(0.076) for X-ray (56 reflections) and neutron data
(40 reflections), respectively. Finally, Yamamoto
(1992), assuming a close similarity of this icosahedral
phase with the cubic phase R-AILiCu, proposed an
alternative structure, which essentially differs from
the previous model by the introduction of an addi-
tional low-symmetry AS, while all AS are complex
polyhedra described in terms of tetrahedral units;
using the same diffraction data as de Boissieu, Janot,
Dubois, Audier & Dubost (1991), the model could be
refined down to the R values 0.076 and 0.085 for
X-ray and neutron data, respectively. Although the
last two models mentioned above differ quite sig-
nificantly (not only in the shape of the AS, but also
on their number and positions in the superspace unit
cell), the R factors of the two fittings (of the same
data) are quite similar.

As an alternative approach to the problem of
quantitative structure determination of QC, we pre-
viously proposed (Elcoro, Perez-Mato & Madariaga,
1993) a continuous parametrization of the AS con-
tours (under the assumption that the AS are perpen-
dicular to parallel space) using truncated series of
symmetry-adapted surface harmonics (Bradley &
Cracknell, 1972). A general refinement program for
polygonal and icosahedral QC, QUASI, based on
this approach has been developed (Elcoro, Perez-
Mato & Madariaga, 1994). In this paper, we present
the results obtained for the structure of icosahedral
AlLiCu using this program. The resulting structural
model yields agreement factors with available dif-
fraction data that are significantly better than any
other previously published. The general features of
the structure proposed by de Boissieu, Janot,
Dubois, Audier & Dubost (1991) are essentially con-
firmed, except for a significant variation in the degree
of chemical disorder of the two Al-Cu AS. On the
other hand, the AS describing the lithium positions
present a rather complex shape. Some features of the
final model seem to support the hypothesis of an
additional AS in a low symmetry position, as pro-
posed by Yamamoto (1992). The present work is the
first example of the capabilities of using surface
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harmonics for the description of AS in QC structures
and their refinement.

The paper is organized as follows: in §2, the
superspace description of the QC structure, the con-
tinuous parametrization of the AS and the structure-
factor formulae employed are explained. §3 1is
devoted to the description of the refinement process
and the presentation of its results. Finally, in §4, the
main features of the structure are discussed and
compared with previous models.

2. Description of the icosahedral structure

We describe the QC structure of Als;Li3;Cu,, within
the superspace formalism (Bak, 1985; Janssen, 1986,
1988) in the form explained by Elcoro, Perez-Mato &
Madariaga (1994).

The following wavevectors have been chosen for
indexing the diffraction reflections

k, =(1/12"%(0, 0, 1)
k; = (1/2V3)[(2/5"2) cos (2il5),
x (2/5"2)sin (2mi/S), 1/5'2] i=2,..6, (1)

where the Cartesian components refer to an orthogo-
nal vector set {a¥} with af and a} directed in the
diffraction diagram along one of the fivefold axes
and a twofold symmetry axis, respectively. Accord-
ing to de Boissieu, Janot, Dubois, Audier & Dubost
(1991), |k;| = 0.0989 A~" and, therefore, the modulus
of the chosen vectors a* is |a*| = 0.1399 A~'. Note
that this indexation differs from that used in the
structure-factor list in de Boissieu, Janot, Dubois,
Audier & Dubost (1991) by a simple permutation of
the vector indices.

For such a choice of indexing wavevectors, the
matrix A transforming between the superspace basis
associated with the six phases (¢;) of the structural
modulations with wavevectors k; and the basis that
divides the six-dimensional superspace in the so-
called ‘parallel’ and ‘internal’ subspaces is chosen as

A=(1/10'2)

"0 0 -1 0 0 2r-1]
(= DREDT? 1 —(r=1) Q+9'? -1
(=D D 1 —(r=1) —Q+7)2 1
I o1 —en™ 1 1 eneen -1
2 0 12 0 -1
| -1 @+n ) CR L Y

where 7= (5"2+ 1)/2. The relation between both
coordinate systems is given by

x,* = Aji ‘Pj9 (2)
where we have taken into account the orthogonality
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of the chosen matrix A. The first three coordinates
X = (x;, X, x3) correspond to the so-called ‘parallel’
subspace. This subspace maps real space, with the
variables (x,, x,, x3;) taken as relative coordinates
with respect to the vector set {a,} defined as the
reciprocal set of vectors {a*} used in (1) (Ja;| = 1/]a, *|
=7.15 A). The last three coordinates in (2). X, = (x4,
Xs, X¢) represent the component of the superspace
vector in the so-called ‘internal’ space. Note that
superspace coordinates, both ¢, and x,, are taken
adimensional.

From the symmetry properties of the diffraction
diagram and the lack of systematic extinctions, the
centrosymmetric superspace group P33m can be
assumed for the QC structure (de Boissieu, Janot,
Dubois, Audier & Dubost, 1991). Apart from the
translational lattice, this group is generated by the
operations {Ss,/000000} and {C;|000000} (Janssen,
1988). Their rotational parts in the ¢-coordinate
system are

|
o o

S5 =

0O - 0O 0O © 0O - O o o
|

o O o O O
S - O O O O

A3

- O O O O o o O -

0
0
0
0

O 0O 0O 0 - 0O O o0 0 o O —
|
© —- O O 0O © O o o —~ O
o o o o ~

] 0o o0 0 0

According to de Boissieu, Janot, Dubois, Audier
& Dubost (1991), the asymmetric unit in the unit cell
of the periodic superspace density that defines the
QC structure is formed by three atomic surfaces (AS)
perpendicular to parallel space. The positions of
their centers, site symmetry, multiplicity, atomic
composition and approximate size are indicated in
Table 1.

Following the method introduced by Elcoro,
Perez-Mato & Madariaga (1993, 1994), the radial
functions (external and, if existing, internal) that
define the boundaries of the AS are described in
terms of linear combinations of orthonormalized
‘surface harmonics’, Z,(0,¢), invariant for the AS
point symmetry

16.¢) = Z{ aZ/(6.9). “)

The functions Z,(8,¢) are chosen within the sub-
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Table 1. Main features of the independent atomic surfaces in the structural model of Als,Liy,Cu,, proposed by
de Boissieu, Janot, Dubois, Audier & Dubost (1991)

The approximate size of the AS is represented in the sixth column by the external radius of the spheres considered. The next two
columns list the amplitudes a§* and ag” of the zeroth surface harmonic (Y§) corresponding to the external and internal (if any) sphere
radius. The columns headed by pa,, pc, and Py, indicate the atomic occupation probabilities in each atomic surface.

Atomic Site

surfaces Composition Center symmetry  Multiplicity Radius ag® ay Pal Pcu Pu
Age Li [RERER 53im ] 112 397 - 0 0 1
Aor Al/Cu (0,0,0,0,0,0) 53/m 0.95 3.37 1.14 0.72 0.28 0
Aue Al/Cu (3,0,0,0,0,0) Sm 6 0.69 245 - 0.88 0.12 0

spaces generated by the spherical harmonics Y7'(6,¢)
with a fixed index /

{
Z(0,6)= X [Z/mY?"(H,qS)- (5)
The surface harmonics, Z,(8,¢), invariant for the site
symmetries that are relevant in the present case (53m
and 35m), are listed by Elcoro, Perez-Mato &
Madariaga (1994). Obviously, for any symmetry, the
lowest term in (4), Z, is the trivial (constant)
normalized spherical harmonic Y§= 1/(47)"? rep-
resenting a spherical surface. In general, the linear
combination (4) will be typically limited to the lowest
order terms. In the present work, the number of
terms considered in any of the sums of type (4) is not
greater than four. Up to the order considered for
every AS, only one invariant harmonic exists (at
most) for any index /; this allows the use of / in (4)
and (5) as a single label for the invariant harmonic
surfaces. For the site symmetry 53m, the first four
invariant harmonics correspond to /=0, 6, 10 and
12; their expressions in terms of spherical harmonics
are listed by Elcoro, Perez-Mato & Madariaga
(1994). For the site symmetry 5m, the lowest three
harmonic surfaces are Y3(8,¢), Y3(8,¢) and Y3(8,4).

We associate a single thermal tensor B, to all
atoms represented by the same AS u and neglect
possible variations within each AS. The site symme-
try of the AS also restricts the form of this tensor:
For the surfaces of 53m symmetry, Az and Aog (see
Table 1 for the notation of the AS), the tensor is
isotropic (B, = By, = By;; =B; B;=0, i#), while
for Ay of Sm symmetry (see Table 1), B, = B,, =
Bss3; B;=0,i# .

The expression used for the structure factor is

FH)=[1/V(@)] ¥ pulp)f(H|)
x 3 exp[—4RAB,RH] exp [27ih(Rp, + )]
x [df sin 6

S atZ,(6.¢)

27 ~n
x [de| ' drr? exp 2miR,h,.x,),
0 % ay"Z,(8,¢) (6)

where we have taken into account that |A| =1, and
the orientation of the chosen independent AS is a
standard one, ie. I', =1 in the general expression
given by Elcoro, Perez-Mato & Madariaga (1994).
V(a;) is the volume in real space of the cell defined by
the vector set {a;}; p,(u) is the occupation prob-
ability of the atom species m, with the atomic scat-
tering factor (or scattering length) f,,, in AS u; H is
the real space diffraction vector, while h represents
the corresponding vector in superspace with integer
indices (in the basis {k;}); h, is the component of h in
the internal subspace. ¢, indicates the vector posi-
tion in superspace of the center of AS u. The
variables (r, 8, @) are spherical coordinates of a
generic point X, in internal space. The sum in u
extends to the three AS in the asymmetric unit, while
m labels the three possible atomic species. The sum
in {R|t} is restricted to a minimal set of operations
capable of generating the orbit of symmetry-related
AS within the superspace unit cell. R and R; are,
respectively, the matrices in parallel and internal
space associated to the action of the superspace
operation R by the equation

A-‘RA—(R 0) )
“\o R,/

According to de Boissieu, Janot, Dubois, Audier
& Dubost (1991), the AS are compact except for
Aor, which presents a void around its center (see
Table 1). Hence, only for this latter AS have we
considered a nonzero internal radial function.
Initially, only isotropic thermal factors were con-
sidered for the three AS. Therefore, apart from the
scaling factors of the data sets, the structural param-
eters to be refined were initially the occupation distri-
bution of aluminium and copper in Aor and A,
[pai(Aor) and pa(Aag)], the parameters ai<* that
define the external contours of the three AS, the
parameter aP®" defining the internal boundary of
Aor and the three isotropic thermal parameters B,,.

The relative composition ¢ (X¢” = 1) of a chemi-
cal species m is related with these parameters by the
expression (Cahn, Gratias & Mozer, 1988a)

=2 () Won /Y n, Y ®)
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where n, is the multiplicity in the unit cell of each
symmetry-independent AS u, and V, represents the
volume in internal space of the corresponding AS
- 2ar 2 aZ(6,¢)
V,=[dosing[de| drr.
0 0 2 at"Z(6,4)

I

The mass density is also a function of the AS
volumes

p =[NV @) 2 X Mpp(n)V,un,,

&)

(10)

where M,, is the atomic mass of atom m and N, is
Avogadro’s number.

In order to illustrate from a practical viewpoint
how the structural parameters introduced above
define the real space QC structure, it is interesting to
describe briefly a numerical method for determining,
from the structural parameters above, the actual
atomic positions in real space: Starting from the
centers of the AS in the asymmetric unit and using
the six-dimensional superspace group rotational and
translational operations, the positions {¢,} in super-
space that represent the centers of all the AS within
some adequate close domain of superspace unit cells
are calculated. By means of (2), the parallel and
internal components x, and x;, of each AS center ¢,
are determined. Every AS » that intersects the plane
x; = 0 locates an atom (of the type associated to the
AS) in real space at the position given by the coordi-
nates x, (relative to the vector basis {a;}). Therefore,
the problem reduces to determine for every AS v,
whether the point (x,,0) belongs to the AS or not.
This can be done in the following way: the vector
(—x;,) in internal space is expressed in spherical
coordinates with respect to the pertinent coordinate
system (r,, 6,, ¢,). Then, the AS intersects the plane
x, = 0 if the value of r, is intermediate between the
values of the two radial functions ™ and r*, which
describe the contours of the AS for the orientation
(0., @.): (8., d)<r,=<r0,, ¢,). If AS v is
obtained by means of a symmetry operation {R|t}
from an AS ux in the asymmetric unit, we can express
the previous condition in terms of radial functions of
the AS in the asymmetric unit rii(6',. ¢,)<r, <
i 8’,, ¢.), where (8',, @) represents the orientation
of the vector R; '(—x,,).

3. Refinement process

The two data sets published by de Boissieu, Janot,
Dubois, Audier & Dubost (1991) were used as
experimental single-crystal diffraction data: 56 X-ray
reflections with Mo radiation (A =0.7107 A) and a
neutron diffraction data set of 40 reflections for
neutrons with A =1.26 A. All reflections satisfy />

REFINEMENT OF Als;Li3,Cuy,y

30 and were considered observed in the refinement.
The maximum sin /A are 0.5111 and 0.7129 A~! for
the X-ray and neutron data, respectively. No absorp-
tion or extinction corrections were attempted.
Experimental values of the mass density and precise
chemical composition of the samples used for the
diffraction experiments were also reported in the
same reference

p,=247+0.01 g cm™*
cN'=0.57+0.02

e =0.11 % 0.01

b =0.32 % 0.01. (11)

The X-ray data reported by Van Smaalen, de Boer &
Shen (1991), consisting of 96 reflections for Mo
radiation (A =0.7107 A) with 7> 20, was not con-
sidered in the refinement but was used a posteriori as
an additional check of the reliability of the structural
model. For the refinement, the program QUASI
(Elcoro, Perez-Mato & Madariaga, 1994) was
employed. This program minimizes the quantity, y~.
defined as

% wi (£ (H) — k| E(H))?

X =

2 wukA(H)
H

»” my2

z (Co1 - Cr) 5
m + w (po - pz)

O S(eny £l

+w (12)

with the scale factor & included among the adjusted
parameters. p,. p.. ¢ and ¢’ are the experimental
and calculated mass densities and relative atomic
compositions, respectively. The strengths of the
restraints with respect to mass density and atomic
composition were controlled by the weight param-
eters w, and w,, so that the structural model always
kept reasonable values for these parameters. The first
term in (12) represents the square of the weighted
agreement factor for the structure-factor moduli,
wRy. When the two data sets were simultaneously
refined, two terms of this type (one for each set) were
included in y°. The usual 1/¢? was introduced as the
weighting scheme. Atomic scattering factors and
neutron scattering lengths were taken from Inter-
national Tables for X-ray Crystallography (1974) and
Koester (1977), respectively. Anomalous dispersion
was included for X-ray factors.

The program QUASI allows for performing the
minimization process by means of two alternative
methods: a full least-squares process or a SIMPLEX
algorithm (Nelder & Mead, 1965). The number of
points for the Gaussian numerical calculation of the
integrals in (6) and (9) was set to 20, which, in
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Table 2. Agreement factors of the different data sets
Jor the models obtained in successive refinement steps
explained in the text

In the the case of the X-ray data from Van Smaalen, de Boer &
Shen (1991), the first row indicates the agreement factors for the
whole data set, while the second corresponds to the subset of 44
reflections with /> 30. Models | and 2 refer to preliminary
models obtained from fitting only the X-ray data (model [) or
neutron data (model 2) from de Boissieu, Janot, Dubois, Audier &
Dubost (1991). For refinements simultaneously using both data,
models 4 and 3 are, respectively, the results with and without
anisotropic thermal parameters for 4,,,.

X-ray data Neutron data X-ray data*

R wR R wR R wR

029 0.13

Model | 0.065 0.068 0.106 0.104 0.121 0.098
027 0.13

Model 2 0.083 0.088 0.073 0.075 0.106 0.089
028 0.12

Model 3 0.075 0.075 0.076 0.076 0.105 0.088
027 0.12

Model 4 0.067 0.072 0.068 0.068 0.097 0.082

* Van Smaalen, de Boer & Shen (1991).

general, was enough for obtaining three significant
digits of the R factors. -

As a starting model for the refinement, a sphere
model (see Table 1) of the AS based on the results of
de Boissieu, Janot, Dubois, Audier & Dubost (1991)
was used. The process can be essentially summarized
as follows: the sphere model with isotropic thermal
parameters was optimized up to wR values of the
order 0.24 and 0.15 for X-ray and neutron data,
respectively. Successive higher harmonics for the AS
external radial functions were included in the
refinement. The internal radial function of A,z was,
however, always limited to a spherical function. With
three harmonics for the external radial functions of
all AS, and adjusting the thermal parameters in the
final stages, the weighted R factors decreased to 0.09
(X-ray) and 0.08 (neutrons). The third harmonic for
Aor was, however, negligible, having a large stand-
ard deviation. In a subsequent refinement, the addi-
tion of a fourth harmonic in the AS external radial
functions caused no significant improvement of the
fitting, except in the case of the lithium surface (A4 z¢);
for the other two AS, the values of the fourth
harmonic showed great standard deviations, their
influence in the fitting being rather weak. Conse-
quently, thereafter, the external radial function
expressions were limited to 4, 2 and 3 harmonics for
Agc, Aor and Aug, respectively. Hence, the maxi-
mum number of adjustable structural parameters
was 15. At this stage, least-squares processes did not
converge properly and several solutions with similar
wR factors, of the order 0.08, were obtained. The
models were essentially identical except for the lith-
ium surface, which differed greatly in its external
contours. On the other hand, in all cases, the chemi-
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cal composition of the aluminium/copper surfaces,
indicated that within the standard deviations A,g
was very close to a 1:1 Al-Cu mixture, while A,z
was essentially formed by Al atoms.

At this point, the alternative of the simplex
algorithm was employed to fit the X-ray and neutron
data separately. In Table 2, the final agreement
factors of each fit (models 1 and 2) are summarized.
As additional information, the R values of each
model for the X-ray data set of Van Smaalen, de
Boer & Shen (1991), obtained adjusting only a scale
factor, are also given. It can be seen that the solution

o)
)
)

(b)

Fig. 1. Section x,~x, in internal space of Az passing through its
center, together with the projection on this plane of four
symmetry-related A, for the refined models using only (a) the
X-ray data set (model 1 in Table 2) and (b) the neutron data set
(model 2 in Table 2) of de Boissieu, Janot, Dubois, Audier &
Dubost (1991). The section contains two fivefold, two threefold
and two twofold axes. The reference axes are depicted along the
two twofold axes and do not, therefore, represent the x, and x,
coordinates.
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obtained from the fit of only 40 neutron reflections is
already enough to explain the X-ray data sets of de
Boissieu, Janot, Dubois, Audier & Dubost (1991)
and Van Smaalen, de Boer & Shen (1991) up to wR
values of the order 0.09 and 0.13, respectively. The
most significant differences between the models
obtained from X-ray and neutron data are found in
the shape of the lithium surface and its thermal
parameter.

When the AS are projected on the internal space, a
superposition of the lithium surface (4 ) with A
is present in both models (see Fig. 1). This superpo-
sition implies the existence in the structural model of
nonphysical interatomic distances of ca 0.6 A
between pairs of Li and Al/Cu atoms, represented by
the parts of the AS that superpose (de Boissieu,
Janot, Dubois, Audier & Dubost, 1991). As could be
expected from the scarce sensitivity of X-ray diffrac-
tion to Li atoms, the superposition volume between
both AS is especially large in the case of the model
obtained fitting only X-ray data.

The simplex minimization procedure was then
employed to simultaneously fit both neutron and
X-ray data, including the two previous models in the
starting solutions; the R (wR) values attained were of
the order 0.075 for both data sets (see model 3 in
Table 2) and the lithium surface acquired a shape
which can be considered as a compromise between
the two preceding solutions, but closer to the neu-
tron solution (model 2 in Table 2). Finally, the
symmetry-allowed anisotropy of the thermal tensor
for Aye (B), = By, # Bs;) was introduced. The addi-
tion of this new parameter, which increased the
number of adjustable parameters to 18 (including the
two scale parameters), significantly improved the
fitting. The R values of this final model (model 4 in
Table 2) decreased by almost 1% in the case of
neutron data, demonstrating the physical relevance
of this new parameter. Final R (wR) values are 0.068
(0.068) for neutron and 0.067 (0.072) for X-ray data
with a goodness-of-fit of 3.57.* The calculated
atomic composition and mass density for the model
are Alsq,Lis oCu,, 5 and 2.467 gcm ™2, respectively,
which are in excellent agreement with the experimen-
tal values [see (11)]. The quality of the final fit is
visualized in Fig. 2, where calculated and observed
structure factors are compared graphically. In the
same figure, a similar comparison is also shown for
the data set of Van Smaalen, de Boer & Shen (1991).
It can be seen that the agreement of this additional
data is comparable to that obtained for the refined
X-ray data set, except for the weaker reflections.

* A list of structure factors has been deposited with the British
Library Document Supply Centre as Supplementary Publication
No. SUP 71659 (S pp.). Copies may be obtained through The
Managing Editor, International Union of Crystallography, 5
Abbey Square, Chester CH1 2HU, England.
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These latter reflections systematically have larger
values than predicted and increase the global wR
factors to 12%. It should be pointed out, however,
that this data set includes reflections with 7 > 2¢ and
for the 44 reflections with /> 30, the wR factor
reduces to 0.082.
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Fig. 2. F..(H) versus Fo.(H)k plots of the final model for (a) the
X-ray data set of de Boissieu, Janot, Dubois, Audier & Dubost
(1991), () the neutron data set of the same reference and (c) the
X-ray data set of Van Smaalen, de Boer & Shen (1991).
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Table 3. Structural parameters of quasicrystalline Als;Li3,Cu,, corresponding to mode! 4

Thermal parameters are given in A2 for the expression exp(— i3 B, H, H,a*a*) with the components H, of the diffraction vector on the
basis of {a,;*} indicated in the text. In the case of the first two atomic surfaces, column B indicates the isotropic thermal parameter, while
for the third AS it represents the value of B),(= B,,). Parameters not refined are indicated with an asterisk.

Atomic

surfaces at* as® as® ag"
Age 400 (1) -053(1) -063(3) 0.35 (10) -
Aor 3.25(2) 0.21 (6) - -
Ams 2.70 (1) -0.37 (5) 0.17 (10) - -

A section of the projection on the internal space of
the Ag- and A, surfaces for this final model is
depicted in Fig. 3; it can be seen that the significant
improvement of the adjustment when allowance for
the anisotropy of the thermal tensor of A,z was
introduced can be related to a large variation of the
contours of the lithium surface that now are broadly
correlated with those of A,,g, so that the nonphysi-
cal superposition region discussed above is somehow
reduced. This correlation between both AS, which
appears spontaneously in the refinement, is the best
proof that the model is a good approximation to the
real structure and confirms the importance of taking
into account the symmetry-allowed thermal aniso-
tropy of A,r. The thermal parameter B;; of the
Al/Cu atoms in A,,g, associated to the atomic ther-
mal displacements in real space along a fivefold axis,
is significantly larger than those corresponding to the
two perpendicular directions (see Table 3). In fact,
the interatomic vectors in real space corresponding
to atom pairs at nonphysical short distances, result-
ing from the superposition in internal space of A e
and Az, are along this fivefold direction. Hence, it
seems that when the anisotropy of thermal param-
eters of A, is not included, the refinement tends to
superpose spuriously both surfaces, so that the pres-
ence of lithium at distances of the order of atomic

Fig. 3. Same as in Fig. 1 for the final refined model (model 4 in
Table 2).

a B Bss Pai Pcu Pui
2.76 (6) - 0* 0* 1*

1.43 (3) 2.31 (8) - 0.54 (1) 0.46 (1) 0*
1.8 (4) 2.7(2) 0.899 (6) 0.101 (6) 0*

thermal displacements would simulate the effect of a
larger thermal parameter. A partial superposition in
internal space of both surfaces is still present but is
considerably smaller than those refined with iso-
tropic thermal parameters. The volume of the super-
posed region between the A~ surface and one A e
is 0.19, while the total volume of Ag~ is 6.952.
Taking into account that the number of symmetry-
equivalent superposition regions is 12, we then have
about 30% of the Li atoms in the wrong positions
or, inversely, about 18% of the Al/Cu atoms of the
Ay surface.

It could be argued (Steurer, 1990) that diffraction
analysis only provides information on the average
structure and then such superpositions are acceptable
if both surfaces are not fully occupied. The super-
position would then indicate some disorder, so that
the atomic positions resulting from both AS are not
occupied simultaneously. However, in the present
case, the surfaces have been assumed to be fully
occupied and the possibility of this disorder cannot
be checked, since the number of adjustable param-
eters, considering the scarce amount of data, would
increase to unreasonable values. In any case, it must
be stressed that despite the non-negligible super-
position of both surfaces, the surface contours in the
final model show a clear tendency to keep unsuper-
posed, showing in this sense a correlation which was
not included a priori in the refinement. In any case,
the form given to the AS of Li in the final model
should be taken with caution, and only as a starting
point of any further modelling. Also, a small super-
position of symmetry-related 4, can be observed in
Fig. 3. This is also a nonphysical feature, as the
corresponding atom pairs would be at distances of
the order 1 A. However, the superposition volume is
in this case rather small.

Despite these nonphysical features, the quality of
the model could be ascertained by means of X-ray
difference Fourier maps in internal space. Around
Aog, the highest peaks in difference Fourier maps
are not greater than 1.5 e A~3, while in A,,; they are
lower than 1 e A3 In A, although the peaks in
the difference map are of the same order of magni-
tude (0.9 e A~3) as in the other AS (see Fig. 4), the
values are in this case of the order 10% of the
absolute electron density, indicating an important
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uncertainty on the AS form. Although, the model is
expected to introduce excess electron density in the
superposition regions mentioned above, the map in
this region indicates nothing in this sense since 4p is
positive here for a map constructed with F, — F... It
must be noted that Fourier maps restricted to inter-
nal space, with the parallel coordinates fixed to those
corresponding to a certain AS, only include the
maxima of the atomic electron density on its spread-
ing along the parallel space. Therefore, the difference
Fourier maps calculated in this form should contain
the highest peaks if these are due to deviations of AS
shapes in internal space with respect to those in the
real system.

4. Discussion

The structural parameters of the final model (model
4 in Table 2) are listed in Table 3. The dubious
character of the details assigned to the contours of
Apc are evidenced in the high standard deviation of
the amplitude of its fourth harmonic, which is as
high as 30%. Also, the third harmonic associated to
Anye presents a large error. This means that the
nonphysical superposition regions mentioned in the
previous section are essentially within the error inter-
vals of the AS contours. In Figs. 5, 6 and 7. the three
AS are depicted by means of a three-dimensional

T T

0

11‘\1

Fig. 4. Difference Fourier map of the central section x,-x¢ of Az
for the X-ray data set of de Boissieu, Janot, Dubois, Audier &
Dubost (1991) and the final model. Horizontal and vertical
reference axes correspond to x, and x,, respectively. The x, axis
is directed along a fivefold axis. Centers of the hypothetical
additional Al atomic surfaces proposed by Yamamoto (1992)
are indicated with a star.

REFINEMENT OF Als;Li3Cuy,

scheme and a section in the x,-x, plane (perpendicu-
lar to a twofold axis in the internal space). Atomic
surfaces Az and A,z essentially coincide with those
proposed by de Boissieu, Janot, Dubois, Audier &
Dubost (1991). The amplitudes corresponding to the
zeroth harmonic are very close to those of the start-
ing sphere model (cf. Tables | and 3). except for that
of A,z and the interior void of A4,z. which have a
small significant difference. However, the most rele-

(b)

Fig. 5. (a) Three-dimensional representation of A, and () the
central section x,—x, of A,z With x, along the vertical direction.
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vant difference with respect to the model proposed
by de Boissieu, Janot, Dubois, Audier & Dubost
(1991) concerns the degree of chemical disorder of
both Ao and A,,x. In this reference, a disorder close
to the total randomness of aluminium and copper
was proposed. Taking into account the relative con-
centration of both atoms, this would correspond to
an occupation probability of 0.84 for aluminium in
both AS. The present analysis, however, indicates a
rather different situation in the two AS. System-
atically and from the first steps, the refinement was
directed towards an occupation probability of the
atomic positions associated to the 4, close to 50/50
distribution, while A, pointed to an occupation
mainly associated with aluminium (90%). Note the
small standard deviations obtained for the corre-
sponding occupation probabilities in Table 3, which
support the validity of this result.

(a)

(b)

Fig. 6. (a) Three-dimensional representation of A, and (b) the
central section x,—x, of A, With x, along the vertical direction.
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The thermal parameters for A, and A4zc coincide
within standard deviations with those obtained by
Yamamoto (1992), but in the present analysis the
standard deviations are almost one order of magni-
tude smaller; in the case of Az, as the anisotropy of
its thermal tensor was not considered before, a direct
comparison is not possible. It is important, however,
to note that B;, coincides with the value obtained by
Yamamoto for the isotropic thermal parameter,

\\\\\\V;S
NG
SHAIED

5%t

(b)

Fig. 7. (a) Three-dimensional representation of A,z and (b) the
central section x,—x, of Az with x, along the vertical direction.
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while B3, corresponding to the fivefold direction, is
significantly larger (50%).

Although the triacontahedron is often the shape
associated to the AS at the origin in some of the
previous models of AILiCu (Van Smaalen, de Boer &
Shen 1991; Yamamoto, 1992) and other icosahedral
QC (Cornier-Quiquandon et al., 1991), Ayg is more
of an icosahedron (see Fig. 5). The contours of 4,z
(Fig. 6) are described approximately by an ellipsoid
with its shorter axis along the fivefold direction and
the other two forced by symmetry to be equal. On
the other hand, the shape of Az (Fig. 7) is rather
complicated and looks quite different from the
polyhedra discussed in Cornier-Quiquandon et al.
(1991) and Yamamoto (1992), as its ‘vertices’ are
directed along the twofold axes.

X-ray Fourier maps such as those shown in Fig. 8§,
compared with Figs. 5 and 6, confirm the correctness
of the shapes associated to Ay and A4,,z. The void
at the center of Ay is only reflected in the map by a
small depression of the density at the AS center. The
depression is clearly smaller than the hypothesized
void; this is a typical truncation effect of the Fourier
series, since in the corresponding difference Fourier
map the values of 4p in this region do not exceed
1.5 e A~3. Truncation effects also probably cause the
maximum electron densities at A,,r and Apx to be
comparable, despite the significant difference in
chemical composition and hence in the number of
electrons per effective atom in the two AS. This is
also supported by the small values of 4p in both AS.
It should be stressed that the signs associated with
the observed structure factors for calculating the
Fourier maps are weakly dependent on the details of
the AS shapes. Indeed, eliminating the small phase
shifts due to the consideration of anomalous scat-
tering in the present analysis, the signs associated in
the present model to the X-ray and neutron reflec-
tions coincide without exception with those resulting
from the model of de Boissieu, Janot, Dubois,
Audier & Dubost (1991), although the shape of Az
in this model significantly differs from that obtained
here. The Fourier maps for both neutrons and X-ray
are, therefore, essentially independent of the assumed
model details. This allows the use of the Fourier map
of A to elucidate the real significance of the shape
obtained in the refinement. Fig. 9 shows a section
(x4—x¢) of the Fourier maps obtained with the X-ray
and neutron data. The X-ray map is complicated by
the presence of considerable electron density from
Ape. As the two surfaces are only about 0.5A
distant along parallel space, the spread in parallel
space of the electron density associated with the
Al/Cu atoms of A,,r makes it still significant at the
position in parallel space corresponding to Azc. In
fact, the absolute maxima of the map in Fig. 9(a) are
centered at the points corresponding to the projec-
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tion of the centers of 4,z (compare with Fig. 3). An
elongation along the two perpendicular twofold axes
of the electron density corresponding to Az can be
observed, in accordance with the shape in the model
(see Fig. 7). The other local maxima and minima can
be attributed to truncation effects, due to the com-
plex contours of Agz-. A much simpler picture

{

(b)

Fig. 8. Fourier maps of the central section x,—x,, of (@) A,z and (b)
A,y for the X-ray data set of de Boissieu. Janot, Dubois,
Audier & Dubost (1991). Reference axes are orientated in the
same way as in Fig. 4.
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appears in Fig. 9(b), where the problem of the super-
position of scattering densities of different AS is not
critical. Definitely, the surface is elongated along the
two twofold axes, but the map does not reveal the
complex contours suggested by the model. On the
other hand, the X-ray map has a much richer struc-
ture that follows broadly the AS contours given in
the model (compare with Fig. 7b).

The possible existence of the fourth AS of alumin-
ium proposed by Yamamoto (1992) can be investi-
gated in the previous maps. According to Yamamoto
(1992), this additional AS of aluminium would be
situated on a twofold axis and its center has the same
position in parallel space as A4-. Hence, the section
depicted in Figs. 4, 7 and 9 for Az~ should also
contain the centers of four of these (symmetry
equivalent) AS. Their centers in internal space pro-
posed by Yamamoto (1992) would be situated in our
representation at (—1.34, 0, 0.39) (0.83, 0, 0.90),
(1.34,0, —1.26) and (—0.83, 0, — 1.78). These points
are indicated in Figs. 4 and 9 with a star. Indeed,
according to Fig. 9(a), a significant electron density
of the order 6 ¢ A~ is localized around these points
and two of them form clear maxima in the two-
dimensional map. It is interesting that the points are
approximately on the center of the spurious super-
position regions of the Az and A, surfaces. So, it
looks as if the refinement introduces these non-
physical features in the model in order to produce
larger electron densities in these regions, in accord-
ance with the presence of a fourth AS with larger
atomic number at these points. On the other hand,
the electron-density values involved seem rather low
to be associated with aluminium. One should have in
mind that in general, Li and Al atoms are expected
to produce peaks of the order 9 and 50e A~
respectively, in real space electron-density maps
obtained in the best conditions. In addition, the 4p
represented in Fig. 4 has values of the order only
0.1 e A=2 in these regions, indicating that the men-
tioned features of the electron-density map are con-
sistent with the model of only three independent
surfaces, and, given the weak dependence of the
structure factors on the details of the A4z, contours,
one can advance that the main features of this 4p
map would not vary much after an adequate
‘tailoring’ of Agc, which eliminates the spurious
superpositions. Also, the neutron map shows no
clear evidence of additional AS. A comparison with
analogous difference Fourier and Fourier maps of
the model proposed by Yamamoto (1992) would be
interesting for elucidating this point.

5. Concluding remarks

We have presented the first example of the use of the
program QUASI for the structural analysis of quasi-
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crystals. The method is based on the use of sym-
metry-adapted surface harmonics for the description
of the contours of the atomic surfaces in internal
space. The results look promising. The method leads
to a structural model of Als;Li;,Cu,; with weighted

Fig. 9. Fourier maps of the central section x,—x,of A, for (a) the
X-ray data set of de Boissieu, Janot, Dubois, Audier & Dubost
(1991) and (b) the neutron data set of the same work. Reference
axes are oriented in the same way as in Fig. 4. Centers of the
hypothetical additional Al atomic surfaces proposed by
Yamamoto (1992) are indicated with a star.
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R factors, which improves previously published
models by one or two percentage points. The main
features of the model essentially confirm the struc-
ture proposed in de Boissieu, Janot, Dubois, Audier
& Dubost (1991), except for some significant varia-
tion of the detailed shape of the lithium surface and
the chemical disorder of the other two. The
refinement has been performed with a very low ratio
of data versus variables (ca 5-6), but using mainly a
direct minimum search (instead of a least-squares
algorithm) restrained by the deviations of the calcu-
lated chemical composition and mass density with
respect to the observed values. The importance
should be stressed of having accurate experimental
values of these quantities (with a precise estimation
of their errors) for performing a meaningful
refinement process. In contrast to standard crystal-
lography, both chemical composition and mass den-
sity depend on the model parameters to be adjusted.
Therefore, the values resulting from the model
should be compared with the experimental values all
along the refinement process, taking into account the
error margins. For instance, much larger errors than
those assumed in the present work for the experi-
mental composition and density of the icosahedral
AlLiCu could lead to important variations in the
best model, particularly the shape of the lithium
surface, which could give equal or better R factors,
while keeping the model density and chemical com-
position within the new error margins.

The final structural model includes some non-
physically short interatomic distances. Although in a
small ratio, they are, however, enough to preclude an
analysis of the model in real space. Previous to such
an analysis, slight corrections of the atomic surfaces
of the model that avoid these nonphysical features
will be necessary. An obvious procedure for this
additional step is to include an additional penalty
function in the refinement process, penalizing the
existence of too short interatomic distances in the
model (Elcoro, Perez-Mato & Madariaga, 1994).
Such a method, however, has failed until now due to
the lack of enough accuracy (compatible with accept-
able computer time costs) for the required three-
dimensional numerical integration of the super-
position regions of atomic surfaces.
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